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In this paper, we consider the nonlinear diﬀerence equation xn1  fxn−l1, xn−2k1, n  0, 1, . . . ,
where k, l ∈ {1, 2, . . . } with 2k / l and gcd 2k, l  1 and the initial values x−α, x−α  1, . . . , x0 ∈
0,∞ with α  max{l − 1, 2k − 1}. We give suﬃcient conditions under which every positive solu-
tion of this equation converges to a  not necessarily prime  2-periodic solution, which extends and
includes corresponding results obtained in the recent literature.
Copyright q 2008 T. Sun and H. Xi. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.
1. Introduction
In this paper, we consider a nonlinear diﬀerence equation and deal with the question of
whether every positive solution of this equation converges to a periodic solution. Recently,
there has been a lot of interest in studying the global attractivity, the boundedness character,
and the periodic nature of nonlinear diﬀerence equations e.g., see 1, 2	. In 3	, Grove et al.




, n  0, 1, . . . , E1
where p ∈ 0,∞ and the initial values x−α, x−α1, . . . , x0 ∈ 0,∞ with α  max {2r, 2m  1},
and proved that every positive solution of E1 converges to not necessarily prime a 2s-
periodic solution with s  gcd m  1, 2r  1. In 4	, Stevic´ investigated the periodic character
of positive solutions of the following diﬀerence equation:
xn1  1 
xn−2s1
xn−2r1s1
, n  0, 1, . . . , E2
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and proved that every positive solution of E2 converges to not necessarily prime a 2s-
periodic solution, which generalized the main result of 5	. Furthermore, Stevic´ 6	 studied the
periodic character of positive solutions of the following diﬀerence equation:





, n  1, 2, . . . , E3
where αi, i ∈ {1, . . . , k}, and βj , j ∈ {1, . . . , m}, are positive numbers such that Σki1αi  Σmj1βj 
1, and pi, i ∈ {1, . . . , k}, and qj , j ∈ {1, . . . , m}, are natural numbers such that p1 < p2 < · · · < pk
and q1 < q2 < · · · < qm. For closely related results, see 7, 8	.





, n  0, 1, 2, . . . , 1.1
where k, l ∈ {1, 2, . . . } with 2k / l and gcd 2k, l  1, the initial values x−α, x−α1, . . . , x0 ∈
0,∞with α  max {l − 1, 2k − 1}, and f satisfies the following hypotheses:
H1 f ∈CE×E, 0,∞with a inf u,v∈E×Efu, v∈E, where E∈{0,∞, 0,∞};
H2 fu, v is decreasing in u and increasing in v;
H3 there exists a decreasing function g ∈ Ca,∞, a,∞ such that
i for any x > a, ggx  x and x  fgx, x;
ii lim x→agx  ∞ and lim x→∞gx  a.
The main result of this paper is the following theorem.
Theorem 1.1. Every positive solution of 1.1 converges to (not necessarily prime) a 2-periodic solu-
tion.
2. Proof of Theorem 1.1
In this section, we will prove Theorem 1.1. Without loss of generality, we may assume l < 2k
the proof for the case l > 2k is similar; then
{l, 2l, 3l, . . . , 2kl}  {0, 1, 2, . . . , 2k − 1} mod2k. 2.1
Lemma 2.1. Let {xn}∞n−α be a positive solution of 1.1. Then there exists a real number L ∈ a,∞
such that L ≤ xn ≤ gL for all n ≥ 1. Furthermore, let lim supxn  M and lim inf xn  m, then
M  gm andm  gM.







xi−l  1, xi−2k
) ≥ a for every 1 ≤ i ≤ α  1. 2.2
Then there exists L ∈ a,∞ with L < gL such that
L ≤ xi ≤ gL for every 1 ≤ i ≤ α  1. 2.3
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) ≥ xα2  f
(
xα2−l, xα2−2k
) ≥ f(gL, L)  L. 2.4
Inductively, it follows that L ≤ xn ≤ gL for all n ≥ 1.
Let lim supxn  M and lim inf xn  m, then there exist A,B,C,D ∈ m,M	 and seque-
nces tn ≥ 1 and rn ≥ 1 such that
lim
n→∞
xtn  M, limn→∞xtn−l  A, limn→∞xtn−2k  B,
lim
n→∞
xrn  m, limn→∞xrn−l  C, limn→∞xrn−2k  D.
2.5










 m  fC,D ≥ fM,m,
2.6




) ≥ gM, M  g(gM) ≤ gm. 2.7
Therefore,M  gm andm  gM. The proof is complete.
Proof of Theorem 1.1. Let {xn}∞n−α be a positive solution of 1.1 with the initial conditions
x0, x−1, . . . , x−α ∈ 0,∞. It follows from Lemma 2.1 that
a < lim inf xn  m  gM ≤ lim supxn  M < ∞. 2.8
Obviously, every sequence
L, gL, L, gL, . . . 2.9
is a 2-periodic not necessarily prime solution of 1.1, where L ∈ {M,m}.











for j ∈ {1, 2, . . . , 2kl}.
2.10





 M  f
(
Al,A2k
) ≤ f(gM,M), 2.11
from which it follows that
Al  gM, A2k  M. 2.12
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from which it follows that
A4k  A2k  A2l  M, A2kl  Al  gM. 2.14
Inductively, we have
Aj2k  M for j ∈ {1, 2, . . . , l},
Ajl  gM for j ∈ {1, 3, . . . , 2k − 1},
Ajl  M for j ∈ {0, 2, . . . , 2k},
Ajlr2k  Ajl for j ∈ {0, 1, . . . , 2k}, r ∈ {0, 1, . . . , l}, jl  r2k ≤ 2kl.
2.15
For every r ∈ {0, 1, 2, 3, . . . , 2k − 1}, there exist jr ∈ {0, 1, 2, 3, . . . , 2k − 1} and pr ∈
{0, 1, . . . , l − 1} such that jrl  2kpr  r, from which, with 2.15, it follows that
A2kl−1r  Ajrl 
{
M for r ∈ {0, 2, 4, . . . , 2k − 2},
gM for r ∈ {1, 3, . . . , 2k − 1}, 2.16
lim
n→∞
xtn−2kl−1−j  M for j ∈ {0, 2, . . . , 2k},
lim
n→∞
xtn−2kl−1−j  gM for j ∈ {1, 3, . . . , 2k − 1}.
2.17
In view of 2.17, for any 0 < ε < M − a, there exists some tβ ≥ 4kl such that
M − ε < xtβ−2kl−1−j < M  ε if j ∈ {0, 2, . . . , 2k},
gM  ε < xtβ−2kl−1−j < gM − ε if j ∈ {1, 3, . . . , 2k − 1}.
2.18







M − ε, gM − ε)  gM − ε. 2.19







gM − ε,M − ε)  M − ε. 2.20
Inductively, it follows that
xtβ−2kl−12n > M − ε ∀n ≥ 0,
xtβ−2kl−12n1 < gM − ε ∀n ≥ 0.
2.21




x2n  M, lim
n→∞




x2n  gM, lim
n→∞
x2n1  M. 2.23
The proof is complete.
Remark 2.2. 1 The proofs of Lemma 2.1 and Theorem 1.1 draw on ideas from the proofs of
Theorems 2.1 and 2.2 in 6	.





, n  0, 1, . . . , 2.24
where s, k, l ∈ {1, 2, . . . } with 2k / l and gcd 2k, l  1, the initial values x−α, x−α1, . . . , x0 ∈
0,∞ with α  max {ls − 1, 2ks − 1}, and f satisfies H1–H3. Let yin1  xnsi1 for every







, 0 ≤ i ≤ s − 1, n  0, 1, 2, . . . . 2.25





n−2k1 converges to not necessarily prime a 2-periodic solution. Thus every
positive solution of 2.24 converges to not necessarily prime a 2s-periodic solution.
3. Examples
To illustrate the applicability of Theorem 1.1, we present the following examples.











, n  0, 1, . . . , 3.1
where m, k, l ∈ {1, 2, . . . } with 2k / l and gcd 2k, l  1 and the initial values x−α, x−α1, . . . ,









x ≥ 0, y ≥ 0, gx  p
x
x > 0. 3.2
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It is easy to verify that H1–H3 hold for 3.1. It follows from Theorem 1.1 that every solution
of 3.1 converges to not necessarily prime a 2-periodic solution.
Example 3.2. Consider the equation







, n  0, 1, . . . , 3.3
where m, k, l ∈ {1, 2, . . . } with 2k / l and gcd 2k, l  1 and the initial values x−α, x−α1, . . . ,
x0 ∈ 0,∞ with α  max {l − 1, 2k − 1}. Let E  0,∞ and





x > 0, y > 0, gx 
x
x − 1 x > 1. 3.4
It is easy to verify that H1–H3 hold for 3.3. It follows from Theorem 1.1 that every solution
of 3.3 converges to not necessarily prime a 2-periodic solution.
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